We propose a general likelihood-based approach to the linkage analysis of qualitative and quantitative traits using identity by descent (IBD) data from sib-pairs. We consider the likelihood of IBD data conditional on phenotypes (discrete or continuous) and test the null hypothesis of no linkage between a marker locus and a gene influencing the trait using a score test in the recombination fraction θ between the two loci. This method unifies the linkage analysis of qualitative and quantitative traits into a single inferential framework, yielding a simple and intuitive test statistic. The score statistic readily extends to accommodate incomplete IBD data at the test locus, by using the hidden Markov model implemented in the programs MAPMAKER/SIBS and GENEHUNTER to obtain the multipoint inheritance distribution for each sib-pair and Kruglyak et al. (1996) ). The linkage score test is derived under general genetic models, which may include multiple unlinked genes. Population genetic assumptions, such as random mating or linkage equilibrium between the trait loci, are not required. This score test is thus particularly promising for the analysis of complex human traits. Conditioning on phenotypes avoids unrealistic random sampling assumptions and allows sib-pairs from differing ascertainment mechanisms to be incorporated into a single likelihood analysis. It allows in particular the selection of sib-pairs based on their trait values and the analysis of only those pairs having the most informative phenotypes. A further advantage of the score test is that it is based on the full likelihood, i.e. the likelihood based on all phenotype data rather than just differences of sib-pair phenotypes. Considering only phenotype differences, as in Haseman and Elston (1972) and Kruglyak and Lander (1995) , may result in important losses in power. Simulation studies indicate that the linkage score test generally matches or outperforms the Haseman-Elston test, the largest gains in power being for selected samples of sib-pairs with extreme phenotypes.
Introduction
Linkage analysis methods based on identity by descent (IBD) data commonly distinguish between qualitative (i.e. dichotomous traits with affected/unaffected phenotypes) and quantitative traits. This has lead to the development of two distinct classes of linkage analysis methods, which differ widely in their approaches and involve different types of statistical analyses. Although both types of analyses rely on the association in pedigrees between phenotype and IBD sharing at loci linked to trait loci, this association is exploited in very different ways. Traditionally, testing linkage for qualitative traits is based on studying IBD sharing conditional on phenotypes (e.g. affected sib-pair methods, reviewed by Hauser and Boehnke (1998) ), whereas most methods for the analysis of quantitative trait loci (QTL) are based on examining phenotypes conditional on IBD sharing (e.g. the Haseman-Elston method, proposed by Haseman and Elston (1972) , and extensions such as Amos (1994) and Kruglyak and Lander (1995) ). A notable exception to conditioning on IBD sharing is found in Risch and Zhang's discussion of the mapping of QTL using extreme discordant sib-pairs (see Zhang (1995, 1996) ). These authors note the low power of standard QTL methods to detect linkage to loci influencing complex traits. They recommend ascertaining sib-pairs based on their trait values and analyzing only the pairs with most informative phenotypes. They recognize that an analysis conditional on phenotypes is more natural, and observe that sib-pairs with extremely discordant or highly concordant phenotypes provide the greatest power to detect linkage. The value of selecting sibs with "extreme" phenotypes is noted in the earlier work of Carey and Williamson (1991) and Cardon and Fulker (1994) . However, these authors use the traditional approach of conditioning on IBD status.
In this paper, we present a unified likelihood-based approach to the linkage analysis of qualitative and quantitative traits using IBD data from sib-pairs. We consider the likelihood of IBD data from sib-pairs conditional on the phenotypes of the pairs (discrete or continuous), and propose testing the null hypothesis of no linkage between a marker locus and a gene influencing the trait using a score test in the recombination fraction θ between the two loci. For n sib-pairs, with phenotypes (φ 1i , φ 2i ), i = 1, . . . , n, the score statistic for qualitative or quantitative traits has the general form
where N ji = 1 if the ith sib-pair shares DNA IBD on j = 0, 1, 2 chromosomes at the marker locus and N ji = 0 otherwise; π ji = π j (φ 1i , φ 2i ; ν) is the conditional probability that a sib-pair shares DNA IBD on j chromosomes at the trait locus (possibly one of several genes unlinked to each other) given phenotypes (φ 1i , φ 2i ); and ν denotes parameters of the genetic model (such as penetrances and parental genotype frequencies at the trait loci). The term N 2i − N 0i may be rewritten as N 2i − (1 − N 1i − N 2i ) = 2(N 2i + 1 2 N 1i ) − 1, where
N 1i is the usual mean IBD statistic.
There are several points worth noting concerning our approach. Firstly, for many complex traits, the distinction between qualitative and quantitative phenotypes is somewhat artificial, as affectedness is often defined on the basis of continuous measurements (e.g. diabetes with blood glucose levels and obesity with body mass index). Also, linkage analysis methods for qualitative and quantitative traits both rely on the association in pedigrees between phenotype and IBD sharing at loci linked to trait loci. It is thus natural to seek a unified linkage analysis approach for qualitative and quantitative traits. The linkage score test described in this paper provides a unified treatment of qualitative and quantitative traits which is easy to implement.
As shown in Section 3.3, the linkage score statistic readily extends to accommodate incomplete IBD data at the test locus, by using the hidden Markov model implemented in the programs MAPMAKER/SIBS and GENEHUNTER (see Lander and Green (1987) , Kruglyak and Lander (1995) , and Kruglyak et al. (1996) ). The resulting incomplete data statistic may be used in the context of a genome scan to test for linkage at loci which are not necessarily typed marker loci. In comparison with the interval mapping extensions of the HasemanElston method given in Fulker and Cardon (1994) and Fulker, Cherny and Cardon (1995) , the Lander-Green algorithm is a truly multipoint approach: it may be used to calculate the distribution over IBD states at any point on the genome, based on genotype data at all typed marker loci.
Unlike the classical Haseman-Elston method for quantitative traits (QTs) and its extensions, the analysis presented here is conditional on phenotypes and not on IBD sharing. Conditioning on phenotypes is more natural and appropriate, because families are frequently ascertained based on phenotypes and not IBD sharing. We are thus able to avoid unrealistic random sampling assumptions and, as shown in Section 3.1, incorporate various pedigree types from differing ascertainment mechanisms into a single likelihood analysis. In particular, we may select sib-pairs based on their trait values, and analyze only those pairs having the most informative phenotypes (e.g. extreme discordant and concordant pairs). The unconditional probability of the data is pr(Marker data, Phenotype data) = pr(Marker data|Phenotype data)pr(Phenotype data). For testing the null hypothesis of no linkage, we are concerned with inference on the recombination fraction θ between the marker locus and a trait locus. Since pr(Phenotype data) doesn't involve θ, a likelihood analysis conditional on phenotypes captures all the information on θ contained in the sample. Zhang (1995, 1996) also recommend conditioning on phenotypes and using the mean IBD statistic. Their method is actually a special case of the more general method proposed here; it only applies to IBD data from sib-pairs with discretized phenotypes and offers no likelihood framework for combining IBD data from different phenotype pairs.
Another important aspect of our method is the use of the full likelihood, i.e. the likelihood based on all phenotype data. The Haseman-Elston method and extensions such as in Kruglyak and Lander (1995) use only differences of sib-pair phenotypes. The importance of using the full phenotype data and the possible loss of linkage information incurred by considering only phenotypic differences were recently stressed by Wright (1997) ; Figures 7 and 8 and the simulation studies in the present paper illustrate this point. Since it is based on the full likelihood of the IBD and phenotype data, the score test has known optimality properties (see Cox and Hinkley (1974) and Rao (1973) ).
The score test is derived under general genetic models, which may include multiple unlinked trait loci and do not make any population genetic assumptions, such as random mating or Hardy-Weinberg equilibrium. The score test is thus particularly promising for the analysis of complex human traits (e.g. diabetes and hypertension), which may be affected by several genes and may exhibit incomplete penetrance (not all genetically predisposed individuals have the trait) and sporadic cases (the trait may occur in individuals who are not genetically predisposed).
When all sib-pairs have the same phenotypes (e.g. for qualitative traits, affected sib-pairs or, for quantitative traits, extremely discordant pairs with phenotypes in the top and bottom deciles of the marginal phenotype distribution), the weights π 2i − π 0i factor out of the sum in equation (1) and the score test is based on the mean IBD statistic
regardless of the genetic model. In the case of IBD data from different phenotype pairs, the weights π 2i − π 0i , which depend on the genetic model, vary between pairs and the score test is no longer independent of the genetic model. For complex traits, the genetic model is usually unknown. However, preliminary simulations indicate that the score test is fairly robust to misspecifications of the genetic model.
In the present paper we derive and explore some properties of the linkage score statistic in equation (1). In Section 2, we introduce IBD-based linkage analysis methods and discuss the structure of IBD probabilities at marker loci under general genetic models. We refer the reader to the recent paper of Hauser and Boehnke (1998) for an introduction to linkage analysis and a review of affected sib-pair methods. In Section 3, we derive the linkage score test under a general sampling model and discuss some of its properties for qualitative and quantitative traits. We also extend the score test to allow the analysis of incomplete IBD data. Finally, in Section 4, we present simulation studies comparing the power of our score test to the Haseman-Elston test under different sampling schemes.
Sib-pair IBD probabilities

Identity by descent
DNA at the same locus on two homologous chromosomes is said to be identical by descent (IBD) if it originated from the same ancestral chromosome. This is by contrast to identity by state, where the same DNA variant (by state) in two individuals may have entered the pedigree under study through different founders and hence is not identical by descent. IBD patterns within pedigrees may be summarized by inheritance vectors which indicate the outcome of meioses giving rise to the non-founders. For a sib-pair, the inheritance vector at a particular autosomal locus L identifies the parental origin of the DNA inherited by each sib at that locus (sex-linked loci could also be considered, however notation is more cumbersome). Arbitrarily label the paternal chromosomes containing the locus of interest by (1, 2), and similarly label the maternal chromosomes by (3, 4). The inheritance vector of the sib-pair at the locus L is the vector x = (x 1 , x 2 , x 3 , x 4 ), where x 1 (x 3 ) is the label of the paternal chromosome (1 or 2) and x 2 (x 4 ) is the label of the maternal chromosome (3 or 4) from which sib 1 (sib 2) inherited DNA at L. Note that the labels 1, 2, 3 and 4 for the parental chromosomes need only be meaningful within a sibship and may therefore correspond to different DNA sequences in different sibships. As a result of crossovers during meiosis, chromosomes passed from parent to offspring are mixtures of the two parental chromosomes and inheritance vectors vary at different loci along a chromosome. Figure 1 displays segregation products and associated inheritance vectors for a single chromosome pair.
The concept of inheritance vector generalizes to arbitrary pedigrees. For a pedigree with k non-founders, Lander and Green (1987) and Kruglyak et al. (1996) define the inheritance vector at a particular locus to be a 2k-vector whose coordinates describe the outcome of the paternal and maternal meioses giving rise to the k non-founders. The (2i − 1)st coordinate is 0 or 1 according to whether the grand-paternal or grand-maternal DNA was transmitted in the paternal meiosis giving rise to the ith non-founder, i = 1, . . . , k. The (2i)th coordinate contains the same information for the maternal meiosis. Thus, for a pedigree with f founders, the inheritance vector completely specifies which of the 2f founder DNA sequences are inherited by each non-founder at the locus of interest. Note that inheritance vectors as defined above summarize IBD within a pedigree. In other words, inheritance vectors follow the transmission of the founders' DNA within the pedigree, ignoring any IBD already present there. This is in contrast to Thompson (1974) who defines gene-identity states to summarize IBD globally for any group of individuals.
In practice, the inheritance vector of a sibship is determined by finding enough polymorphism in the parents to be able to identify the chromosomal fragments transmitted to individuals in the sibship. When IBD information is incomplete, partial information extracted from marker data may be summarized by the inheritance distribution, a conditional probability distribution over the possible inheritance vectors at the locus of interest (see Lander and Green (1987) , Kruglyak and Lander (1995) , Kruglyak et al. (1996) , and Section 3.3).
For sib-pairs, there are 16 inheritance vectors, however these are usually grouped into three distinct IBD configurations, corresponding to the number of chromosomes sharing DNA IBD at the locus of interest. In some situations (e.g. parental imprinting, when maternally and paternally inherited alleles have different contributions to the trait), it may be preferable to distinguish between sharing of paternal and maternal DNA and consider four IBD configurations. Under Mendel's first law, all 16 inheritance patterns (inheritance vectors) are equally likely, hence the probabilities that two sibs share DNA IBD on 0, 1 and 2 chromosomes are , respectively. More generally, IBD configurations for a particular pedigree type may be defined as orbits of groups acting on the set of inheritance vectors (see Donnelly (1983) , Dudoit and Speed (accepted), and Dudoit (1999) ). In the case of sib-pairs, the usual IBD configurations are the orbits of the direct product S 2 × D 4 , of the symmetric group S 2 on 2 letters and the dihedral group D 4 . When sharing of maternal DNA is distinguished from sharing of paternal DNA, the IBD configurations are the orbits of S 2 × (C 2 × C 2 ), where (C 2 × C 2 ) denotes the Klein four-group. Figure 1 about here *** Let φ = (φ 1 , φ 2 ) denote the phenotype vector of a sib-pair. For qualitative phenotypes, the φ are indicators for the affectedness status of the sibs (1 for affected, 0 for unaffected), while for quantitative traits, the φ are either the continuous or discretized trait values. In general, there is an association between phenotype and IBD configuration of related individuals at loci linked to trait loci, while phenotype and IBD configuration at loci unlinked to trait loci are independent (see Tables 3 and 4 in Dudoit and Speed (1999) for a simple illustration of this association for qualitative traits). Current methods for the genetic mapping of complex traits seek to exploit this association by sampling groups of related individuals with particular phenotypes and examining the frequencies with which specific IBD configurations arise at candidate loci. Early work on linkage analysis using identity by descent data from sib-pairs can be found in Haseman and Elston (1972) , for quantitative traits, and in Day and Simons (1976) , for qualitative traits. Figure 2 illustrates the negative association between sib-pair phenotype differences and IBD sharing at a quantitative trait locus, for the simple additive model described in Section 2.2.
In the remainder of this section, we examine the components of the association between phenotype and IBD configuration, under the general genetic model described below. *** Figure 2 about here ***
Genetic model
The genetic model consists of three main components: a model for the trait, connecting phenotypes to genotypes at the trait loci for the relatives of interest, here sibs (Section 2.2.1); a population genetic model, describing the population joint distribution of genotypes at the trait loci for the relevant founders, here parents (Section 2.2.2); and a segregation model, describing the segregation of alleles at the trait loci during meiosis (Section 2.2.3). In this section, we introduce the three components of the genetic model at a general level and refer the reader to other work for specific examples. When defining this general model, we have in mind the analysis of complex human traits, which may be influenced by several genes and may exhibit incomplete penetrance and sporadic cases. The main point is that the form of the score statistic in equation (1) is valid for qualitative or quantitative phenotypes influenced by multiple genes unlinked to each other, regardless of the mode of inheritance and population genetic model. Of course, when combining IBD data from different phenotype pairs the score statistic depends on the genetic model, and we investigate the robustness of the score test to misspecifications of the model in Section 4.
Model for the trait
In this general model, we consider L unlinked autosomal trait loci,
We could also consider sex-linked genes, but this requires conditioning on the gender of the sibs and complicates notation. Denote the pair of multilocus ordered sib genotypes at the trait loci by (sg 1 , sg 2 ). By ordered genotypes, we mean genotypes which distinguish between paternally and maternally inherited alleles to allow the possibility of parental imprinting. The joint penetrance of sib genotypes (sg 1 , sg 2 ) refers to the conditional distribution of sib phenotypes given sib genotypes at the trait loci and is denoted by f(φ 1 , φ 2 ; sg 1 , sg 2 ). For discrete phenotypes, f(φ 1 , φ 2 ; sg 1 , sg 2 ) is the probability of sib phenotypes (φ 1 , φ 2 ) given sib genotypes (sg 1 , sg 2 ); for continuous phenotypes, it is the joint density of sib phenotypes (φ 1 , φ 2 ) given sib genotypes (sg 1 , sg 2 ).
A common model for continuous phenotypes, which allows environmental covariance in the sib phenotypes, posits a single trait locus with two alleles, D and d, and a bivariate normal penetrance function
where
The model is said to be additive
Examples of penetrance models for qualitative traits may be found in Dudoit and Speed (1999) and in Neuman and Rice (1992) . We could also envisage a penetrance function for multivariate phenotypes affected by the same genes (see Allison et al. (1998) ).
Population genetic model
In order to derive conditional IBD probabilities given sib-pair phenotypes, we need to refer to the pairs of genotypes pg possessed by the parents at the trait loci. The population genetic model describes the joint distribution of these parental genotypes in the population of interest. Most authors assume Hardy-Weinberg equilibrium and random mating at the trait loci, as well as linkage equilibrium between these loci. These are strong independence assumptions regarding genotypes of parents and genotypes of individuals at different loci, which are unlikely to be true for most complex traits of interest and are hard to verify. These assumptions would give expressions for the parental genotype frequencies in terms of a series {p l i } of allele frequencies at each trait locus D l . We make no such assumptions when deriving the linkage score test and allow among other things the possibility of inbreeding at the trait loci and selective disadvantage on affected individuals (see Louis, Payami and Thomson (1987) and Payami, Thomson and Louis (1984) for examples of models).
Segregation model
The segregation model describes the conditional distribution of inheritance vectors x given parental genotypes pg at the trait loci. A common assumption is that of no segregation distortion, that is, independence of inheritance vectors and parental genotypes. This assumption is not necessary for deriving the score statistic in equation (1), but it is necessary for deriving the triangle constraints for affected sib-pair IBD probabilities (see Dudoit and Speed (1999) ).
The general set-up described in the previous three subsections extends to other types of pedigrees (with founders replacing parents and non-founders replacing sibs) and enables us to better understand the role of each component of the genetic model in linkage analysis. We denote all the parameters of the genetic model (penetrances, parental genotype frequencies) by the global parameter ν.
Basic model for quantitative traits
A standard genetic model for quantitative traits is the following model considered by Haseman and Elston (1972) and used by Zhang (1995, 1996) 
and E[φ] = µ + p 2 a + 2pqd − q 2 a. Models are often described in terms of their heritability parameter H, which is based on a partition of the phenotype variance
where φ and g denote respectively the phenotype and genotype of an individual. Under the basic model just described
2 are the additive and dominant variance components, respectively (the constant µ drops out of the variance calculations). The total σ [E[φ|g] ] is referred to as the genetic variance and
Although this simple model is not realistic for complex traits, we find that it is useful for preliminary investigations of the properties of the linkage score test and for comparisons with the Haseman-Elston test.
Next, we examine the various components of the association between phenotype and IBD configuration of related individuals by considering conditional IBD probabilities at a trait locus and at a linked marker given the phenotype vector of a sib-pair. *** Table 2 about here ***
Sib-pair conditional IBD probabilities at trait loci given phenotypes
By Bayes' Theorem, the multilocus conditional distribution pr(x|φ) of the inheritance vectors x at all L trait loci given the phenotype vector φ of a sib-pair is given by
Here, x and pg together yield the multilocus sib genotypes sg at the trait loci, thus pr(φ|x, pg) is a penetrance function. This general form, which separates the three components of the genetic model, was used to derive triangle constraints for sib-pair IBD probabilities in Dudoit and Speed (1999) and is also used here to derive a general sampling model which does not require random sampling of the sib-pairs (see Section 3.1).
The interpretation of pr(x|φ) for QTs is perhaps not as straightforward as that for qualitative traits. For continuous phenotypes φ = (φ 1 , φ 2 ), we can think of pr(x|φ) as the probability that the sib-pair has inheritance vectors x at the trait loci given phenotypes belonging to an infinitesimal square around (φ 1 , φ 2 ).
Consider now a particular trait locus D and denote the inheritance vector at D by x. The conditional distribution pr(x|φ) is obtained by summing the expression in equation (4) over all possible inheritance vectors at the other trait loci. For a sib-pair with phenotype vector φ = (φ 1 , φ 2 ), let
where C j is the set of inheritance vectors x corresponding to sharing DNA IBD on j chromosomes, j = 0, 1, 2. In some cases, we may be interested in distinguishing between sharing of maternal and paternal DNA by the sib-pair and define π jk (φ 1 , φ 2 ; ν) to be the conditional probability that a sib-pair shares DNA IBD at D on j paternal and k maternal chromosome given phenotypes (
We may drop the phenotypes φ and/or the parameter ν to simplify notation. See Dudoit and Speed (1999) for a study of the parameterization of sib-pair IBD probabilities for qualitative traits and a derivation of constraints satisfied by these probabilities for general multilocus models.
Sib-pair conditional IBD probabilities at markers linked to trait loci given phenotypes
Consider a marker locus M linked to a trait locus D (possibly one of several trait loci unlinked to each other). Let θ denote the recombination fraction between M and D, and let x and y denote the inheritance vectors of the sib-pair at D and M, respectively. The conditional distribution pr(y|φ) of the inheritance vector at the marker locus given the phenotype vector of the sib-pair is obtained by conditioning on all possible recombination patterns in the sibpair between the marker and the trait locus. It is easily verified, using an expression as in equation (4), that the inheritance vector at the marker locus is conditionally independent of the phenotype vector given the inheritance vector at the trait locus. Then
Now, the number of coordinates at which x and y differ, d (x, y) , is the total number of recombinants between the loci D and M. The conditional probability pr(y|x) is the probability of d(x, y) recombination events between D and M in the four meioses giving rise to the sib-pair. Since recombination events are independent across meioses and each recombination event has probability θ, the recombination fraction, then
Hence, the conditional distribution pr(y|φ) of the inheritance vector at a marker linked to a trait locus with recombination fraction θ may be obtained from the conditional distribution pr(x|φ) of the inheritance vector at the trait locus by means of the transition matrix
is the Kronecker power of the 2 × 2 transition matrices corresponding to transitions in each of the 4 coordinates between D and M. The assumption that trait loci are unlinked to each other is relevant here, for if the marker locus were linked to two trait loci, we would need to consider inheritance vectors at both trait loci and the transition matrix would involve recombination fractions between the two trait loci and the marker locus.
For a sib-pair with phenotype vector φ = (φ 1 , φ 2 ) and j = 0, 1, 2, let
The IBD probabilities ρ jk , j, k = 0, 1, distinguishing between sharing of maternal and paternal DNA, are defined at the marker locus M analogously to those at the trait locus D (cf. Section 2.3). It may be shown that for each phenotype vector
where ψ = θ 2 +θ 2 ,θ = 1 − θ andψ = 1 − ψ = 2θθ. When maternal and paternal sharing are distinguished
Thus, depending on the IBD configurations considered, the large 16 × 16 transition matrix R(θ) collapses into either a 3 × 3 transition matrix (see Haseman and Elston (1972) and Suarez, Rice and Reich (1978) ) or a 4 × 4 transition matrix (see Dudoit and Speed (1999, accepted) ). Denote the transpose of the 3 × 3 matrix in equation (5) by T (θ) and similarly, denote the transpose of the 4 × 4 matrix in equation (6) byT (θ) (we take the transpose of the matrices to comply with the usual notation for Markov chain transition matrices, where the ijth entry is the probability of going from state i to state j). Note that T (0) = I 3 , the identity matrix, and ), where ρ(θ, ν) and π(ν) denote the row vectors of IBD probabilities at the marker locus and trait locus, respectively. This matrix representation distinguishes between the two main components of the IBD probabilities at the marker locus: one component involving the recombination fraction θ between the marker locus M and the trait locus D, and the other involving typically unknown and numerous parameters ν of the genetic model, such as penetrances and founder genotype frequencies. Thompson (1997) refers to these two components as the scale of the genetic distance of interest and the specificity of the trait locus, respectively. Both scale and specificity affect the strength of the association between phenotype and IBD configuration at the marker locus, and hence the power to detect linkage. The strength of the association at the trait locus depends on the mode of inheritance, the parental genotype frequencies and the phenotypes of the sibs. As θ increases from 0 to 1/2, this association is attenuated by recombination between the trait locus and the marker locus. The matrix representation of IBD probabilities in terms a scale and a specificity component holds for general pedigrees, under general multilocus genetic models. Our score test in the recombination fraction θ focuses on the scale component and seems to achieve some robustness with respect to the specificity (cf. Sections 4.2 and 5).
A convenient way of displaying the trinomial IBD probabilities ρ = (ρ 0 , ρ 1 , ρ 2 ) is with the barycentric representation shown in Figure 3 . In this representation, the vertices of the triangle correspond to one ρ j being unity, while along the sides of the triangle one ρ j is zero. 
Sampling model
In order to test the null hypothesis of no linkage between a marker locus M (with known chromosomal location) and a trait locus D, phenotype and IBD data are collected on n sib-pairs. It is commonly assumed that phenotypes and IBD status are independently and identically distributed (i.i.d.) across sib-pairs. However, in practice, families are recruited from various sources and through differing ascertainment mechanisms. In general, the set of sib-pairs will not be a random sample and the analysis should not make unrealistic assumptions regarding the sampling process. For the general multilocus genetic model of Section 2.2, we make the following two sampling assumptions.
Assumption S1. For every family, the sib phenotypes are conditionally independent of any phenotype and marker genotype data from other families, given the sib multilocus genotypes at the trait loci in that family. That is, if we let OT HER = phenotype and marker genotype data from OT HER families, then, for each family,
where φ, x, and pg denote the sibship's phenotype vector, multilocus inheritance vector and parental genotypes at the trait loci, respectively. This assumption rules out the influence on phenotypes of environmental factors shared by groups of families. Accommodating "between family" environmental factors would require conditioning on the environment from which the families are sampled. Note that Assumption S1 does not rule out "within family" environmental factors, as modeled by the correlation parameter ρ in the basic model for QTL presented in Section 2.2.
Assumption S2. For every family, multilocus parental genotypes at the trait loci are independent of any phenotype and marker genotype data from other families. That is,
pr(pg|OT HER) = pr(pg).
This assumption rules out related families. The more distantly related the families, the weaker the association between parental genotypes at the trait loci (pg) and phenotypes in the related family (OT HER). Hence, for n sib-pairs, the probability of the inheritance vectors y i at the locus M, given the phenotype vectors φ i (qualitative or quantitative), is
This general framework extends to any type of pedigree. Thus, conditioning on phenotypes avoids unrealistic random sampling assumptions and allows various pedigree types from differing ascertainment mechanisms to be incorporated into a single likelihood analysis.
Linkage score test
We wish to test the null hypothesis of no linkage between the marker locus M and a trait locus D:
where θ denotes the recombination fraction between M and D. As mentioned in Section 1, a likelihood analysis conditional on phenotypes captures all the information on θ contained in the sample. We will thus base the score test of linkage on the likelihood of the IBD data conditional on the phenotypes
It is easy to show that there is no uniformly most powerful (UMP) test of H 0 : θ = 1 2
vs.
. In most situations, alternatives close to the null hypothesis are harder to detect; thus, it is appropriate to use a test which has as high a power as possible for alternatives close to the null hypothesis. Even if there is no UMP test, the score test is locally most powerful, i.e. maximizes the power for alternatives "close" to H 0 (see Rao (1973) and Cox and Hinkley (1974) ). The score test is a likelihood ratio test for local alternatives and is based on the first non-zero derivative in the Taylor series expansion of the log-likelihood about θ = 1 2 . In our problem, the first derivative vanishes, so the test is based on the second derivative of the log-likelihood and maximizes the second derivative of the power function at the null. We find the score statistic to be
is the conditional log-likelihood of the IBD data given the phenotype data. The null hypothesis of no linkage is rejected for large values of ST (ν).
No distinction between maternal and paternal sharing
Suppose we have phenotype and IBD data for n sib-pairs, in the form of phenotype pairs (φ 1i , φ 2i ) and indicators N ji for the number j = 0, 1, 2 of chromosomes sharing DNA IBD at a marker locus M for the ith sib-pair . Under Assumptions S1 and S2, the log-likelihood of the IBD data conditional on phenotypes is 
Hence, the sib-pair score statistic is given by
where π ji = π j (φ 1i , φ 2i ; ν), as defined in Section 2.3.
The sib-pair score statistic has the general form given in equation (7) for both qualitative and quantitative traits, influenced by one or more genes unlinked to each other. For each phenotype pair, the score test is based on the mean IBD statistic,
, when π 2i = π 0i . The mean IBD statistic is also the score statistic along the line ρ 1 = 1 2 , consistent with the fact that for π 2 = π 0 , the conditional IBD probabilities approach the null point (cf. Figure 3) . The differences π 2i − π 0i play a key role in the linkage score test. The weight of a particular sib-pair is the expected value of N 2i − N 0i when θ = 0, i.e. when the maker locus is at the trait locus. In general, the greater the absolute difference |π 2i − π 0i |, the greater the "distance" from the null probabilities , and the greater the power to detect linkage to the trait locus. More precisely, the relative asymptotic efficiency of sib-pairs with different phenotype vectors is based on ratios of π 2i − π 0i . It is thus desirable to sample sib-pairs with phenotypes providing the largest absolute weights |π 2i − π 0i |. Although the weights also depend on the genetic model, they seem to be driven mainly by phenotypes, as shown in the simulations of Section 4.2.
Qualitative traits. For qualitative traits, regardless of the genetic model, the score test for each phenotype pair (affected (ASP), discordant (DSP) and unaffected (USP) sib-pairs) is based on the mean IBD statistic i I i = i N 2i + 1 2 N 1i . For ASPs and USPs, (π 2 − π 0 ) ≥ 0 under commonly studied genetic models (cf. "possible triangle" constraints in Dudoit and Speed (1999) ), thus the null hypothesis is rejected for large values of the mean IBD statistic. By contrast, for DSPs, the null hypothesis is rejected for small values of the mean IBD statistic. This result extends the findings of Knapp, Seuchter and Baur (1994) for ASPs to the other types of sib-pairs and to more general genetic models. The score statistic for combining IBD data from ASPs, DSPs, and USPs is a linear combination of the mean IBD statistics for each type of sib-pair, with weights π 2 − π 0 depending on the parameters of the genetic model.
Quantitative traits. For quantitative traits, each sib-pair may have a different phenotype vector. As a result, the weights π 2i − π 0i , which depend on the phenotypes of the sibpairs, vary between sib-pair and the score statistic is no longer independent of the genetic model. It is useful to consider the weights π 2 − π 0 as functions of standardized phenotypes. For the basic model of Section 2.2, the phenotype expected value and variance are
g /H, respectively, and the weights π 2 − π 0 , in terms of standardized phenotypes (φ − E[φ])/ V ar [φ] , may be expressed as functions of only four parameters, namely, H, p, ρ and d/a. We offer several types of plots to investigate the dependence of the weights on phenotype pairs for some simple models. Figure 5 provides the same information for a recessive model. Figure 6 consists of three-dimensional perspective plots of the weights for additive models with different heritability (H) and correlation (ρ) parameters. From these plots, we observe that the weights which are largest in magnitude are produced by extreme discordant pairs or concordant pairs for extreme (high or low) trait values. This finding agrees with the conclusions of Zhang (1995, 1996) . In addition, as is intuitively clear from our knowledge of IBD probabilities for qualitative traits, discordant pairs tend to yield negative weights (less sharing than under the null hypothesis of no linkage), while concordant pairs tend to yield positive weights (excess sharing).
Figures 7 and 8 illustrate the loss of information incurred by considering only phenotype differences rather than joint phenotypes (see Wright (1997) ). Figure 7 represents the joint dependence of the weights π 2 − π 0 on phenotype sums and differences for a simple additive model. Figure 8 is a plot of the weights π 2 − π 0 against phenotype differences φ 1 − φ 2 , for pairs (φ 1 , φ 2 ) simulated under an additive model, which is the same as the model used to compute the weights. Under this standard model, although the weights seem to have a quadratic dependence on the differences φ 1 − φ 2 , there are significant deviations due to the information provided by the sum φ 1 + φ 2 . ) in horizontal distance, the greater the power to detect linkage. In the left panel, phenotype pairs are unselected (i.e. random sample from joint phenotype distribution), while in the right panel, phenotype pairs are selected to be extremely discordant (in this example, one phenotype in the top decile and the other in the bottom three deciles of the marginal phenotype distribution given by (3)). The random sample contains many pairs with sharing probabilities well away from the null point, horizontally, yielding both positive and negative weights. However, as expected, the selected sample has even more pairs far from ( ) horizontally and these pairs yield negative weights (less sharing than under the null).
Asymptotic power. Usually, the mode of inheritance of the trait along with the global parameter ν of the genetic model are unknown. It is thus necessary to distinguish between the assumed parameter ν under which the score statistic is computed, and the true unknown parameter, denoted by ν * . Conditional on phenotypes, the score statistic ST (ν) is asymptotically normally distributed. Ignoring the multiplicative constant 16
where ρ * ji = ρ j (φ 1i , φ 2i ; θ, ν * ) are the true conditional IBD probabilities at the marker locus M,ρ * = 1 − ρ * , and the π ji = π j (φ 1i , φ 2i ; ν) are computed under the assumed parameter ν. The score statistic, standardized under the null hypothesis θ = 1 2 , is given by
Asymptotically, for a size α test, the null hypothesis is rejected when SST (ν) ≥ z α , where z α is such that Φ(z α ) = 1− α and Φ is the standard normal cumulative distribution function. The asymptotic power of the score statistic ST (ν), conditional on phenotypes φ, is
To obtain the unconditional power or power conditional on a selection scheme for the phenotypes (e.g. extreme discordant sib-pairs), equation (9) needs to be integrated with respect to the joint phenotype density. For example, phenotype pairs are commonly assumed to be i.i.d. as mixtures of bivariate normal random variables, with mixing proportions the probabilities of the sib genotypes pr(sg) listed in Table 2 . The unconditional power may be estimated by simulating sets of n phenotype pairs, computing the conditional power in equation (9) and averaging this power over all sets of n phenotype pairs. We can also do this for selected samples, by simulating the phenotypes conditional on the selection scheme. Note that if only one type of phenotype pair is sampled, the weights π 2i − π 0i are constant in i and cancel out of the standardized score statistic. Thus the score statistic ST (ν) is locally most powerful (conditionally and unconditionally) regardless of the sampling scheme for phenotypes or of the true nuisance parameter ν * .
When the score test (or any other linkage test) is used in the context of a genome scan, the critical region for an overall size α test must be modified to take into account testing at multiple markers. General guidelines are given by Lander and Kruglyak (1995) . Let SST (t; ν) denote the standardized score statistic computed at locus t, where genetic distance is measured in Morgans. Calculations of genome-wide significance levels are based on the fact that, under the no interference model for crossovers and the null hypothesis of no linkage, SST (t; ν) is asymptotically distributed as a standard Ornstein-Uhlenbeck process, with auto-correlation function C(t) = E 0 [SST (s; ν)SST (s + t; ν)|φ] = e −4|t| . Under the null, the genome-wide probability that SST (t; ν) exceeds the threshold z α is approximated by (C +2ρGz 2 α )α, where, for humans, C = 23 chromosome pairs, G = total genome length ≈ 33 Morgans, and for sibpairs ρ = −C (0)/2 = 2 (derivative at 0 taken as the limit from the right). From Table 1 in Lander and Kruglyak (1995) , the recommended pointwise significance level corresponding to a genome-wide level of 5% ("significant linkage") is 2.2 × 10 −5 . Lander and Kruglyak also recommended reporting tests with pointwise significance levels of 7.4 × 10 −4 , which are expected to occur once under the null in a genome scan ("suggestive linkage").
Relationship to the Haseman-Elston statistic.
The normalized form of the score statistic in equation (8) is a regression coefficient of the IBD values N 2i − N 0i (−1, 0 or 1) on the weights π 2i − π 0i . Viewed this way, a test based on the standardized score statistic SST (ν) is analogous to the Haseman-Elston test (cf. Section 4.1), but with the dependent and independent variables interchanged and with phenotypes entering via the weights π 2i − π 0i instead of the squared phenotype differences (φ 1i − φ 2i ) 2 . In Section 4.2, we present simulation studies comparing the power of the linkage score test to the Haseman-Elston test. *** Figures 4, 5, 6, 7, 8 and 9 about here ***
Distinction between maternal and paternal sharing
When sharing of maternal DNA is distinguished from sharing of paternal DNA, the second derivative of the transition matrix at θ = Consequently, the score statistic is given by
where π jk i = π jk (φ 1i , φ 2i ; ν), as defined in Section 2.3, N jk i = 1 if the ith sib-pair shares DNA IBD on j paternal and k maternal chromosome at the marker locus M, j, k = 0, 1. Thus, when π 01 = π 10 , the score statistic for a given phenotype pair is no longer the mean IBD statistic and depends on the genetic model.
So far, we have assumed full IBD information at the locus M at which we wish to test the null hypothesis of no linkage. In practice, this is usually not the case, as parents may not be available for typing, or they may not exhibit sufficient polymorphism to establish IBD unambiguously. However, marker genotype data may be used to infer IBD status at the locus M. We show next how the score test may be extended to account for this.
Incomplete IBD data
Suppose that we have multipoint marker genotype data M i on the ith sib-pair (and possibly their parents or other siblings), for a map of markers linked to the test locus M. The locus M may or may not be the locus of one of the typed markers. The results of this section enable interpolation between markers. Partial IBD information extracted from marker data may be summarized by the inheritance distribution, a conditional probability distribution over the possible inheritance vectors y at the locus M. The inheritance distribution pr(y|M i ) may be obtained using the hidden Markov model (HMM) utilized in the Lander-Green algorithm which is implemented in the programs MAPMAKER/SIBS and GENEHUNTER (see Lander and Green (1987) , Kruglyak and Lander (1995) , and Kruglyak et al. (1996) ). For the ith sibpair and for j = 0, 1, 2, let r ji = pr(Sib-pair shares DNA IBD on j chromosomes at M|M i ).
Then a natural test statistic may be obtained from the complete data score statistic ST (ν), by replacing the IBD indicators by their expectation given the marker data, that is, by defining ST (ν) = i (π 2i − π 0i )(r 2i − r 0i ) (here again the multiplicative constant 16 is ignored). It may be shown (see Appendix A) that, under the assumption of linkage equilibrium between the trait loci and the marker loci (i.e. independence of parental genotypes at these loci), S T (ν) is actually the expected value under the null of the complete data score statistic given marker and phenotype data, M and φ. That is,
where the subscript 0 indicates a quantity computed under the null hypothesis of no linkage between the locus M and trait loci. This statistic is similar to the incomplete data statistic S of Kruglyak et al. (1996) and Kong and Cox (1997) , which is the weighted average of a "scoring function" S over the inheritance distribution (in the Kruglyak et al. setting, scoring functions are not necessarily score statistics; they are defined as functions of inheritance vectors and phenotype vectors). Under the null hypothesis of no linkage,
and from a well-known identity in statistics,
Thus, for incomplete IBD data,
showing that the "perfect data approximation" of Kruglyak et al. (1996) is conservative (the perfect data approximation consists of substituting the null variance V ar 0 [ST (ν)|φ] of the complete data statistic for the null variance V ar 0 [ST (ν)|φ] of the incomplete data statistic). Under the null hypothesis, marker and phenotype data are independent, thus
Several points are worth noting concerning the incomplete data statisticST (ν) and the calculation of its first two moments under the null. Firstly, the calculation of the inheritance distribution {r ji } {j=0,1,2} , as implemented in the Lander-Green algorithm, assumes knowledge of parental genotype frequencies at the markers when parents are untyped. The algorithm also requires linkage equilibrium between the markers in order to implement the standard forward-backward recursions of the HMM. This may be problematic for tightly linked markers. Consequently, the quantities computed from the Lander-Green algorithm are in general approximations to the "true" inheritance distribution {r ji } {j=0,1,2} ; we denote these quantities by {r ji } {j=0,1,2} . Ther ji can be viewed simply as random variables which are functions of the multipoint marker genotypes of the sibs and possibly other family members. Secondly, even assuming that the inheritance distribution {r ji } {j=0,1,2} is known for each sib-pair, the exact calculation of the variance V ar 0 [ST (ν)|φ] involves quantities of the form E[r ji r li ], j, l = 0, 1, 2, which are weighted averages of r ji r li over all possible multipoint marker data M i for the ith sib-pair. Direct calculations are computationally prohibitive for many highly polymorphic markers. An alternative is to approximate this variance by simulating marker data. It is also possible to obtain upper and lower bounds for the variance, by considering the complete data case for an upper bound and marker genotype data on a tractable subset of flanking marker loci for a lower bound. To see this, let m denote a subset of the multipoint marker data and letst
and
Thus,
A more practical and appropriate approach, which accounts for the fact that the inheritance distribution is in actuality estimated rather than known, is to use the data to estimate the null expectation and variance ofST (ν). In this case we have only estimates of the inheritance distribution and the incomplete data score statistic is thus given bỹ
Suppose for simplicity that all sib-pairs have the same type of marker data (e.g. all sib-pairs have been typed at all markers and none of the parents are typed). 
Note that although the theoretical expectation ofST (ν) is zero under the null hypothesis (cf. equation (11)),Ê 0 [ST (ν)|φ] may in practice be non-zero.
More generally, there may be three different types of sib-pairs: (1) sib-pairs with both parents typed, (2) sib-pairs with only one parent typed, and (3) sib-pairs with both parents untyped. In this case, with a sufficient number of sib-pairs of each type, we may compute sample means and variances for each sib-pair type. Of course, in practice, the sib-pairs may have different patterns of missing genotypes at different markers, and as a result each sib-pair could have a different distribution for {r j } {j=0,1,2} . However, if missing genotypes are not common, pooling sib-pair data into three categories as described above should yield a good approximation to the null expectation and variance ofST (ν). This approach to computing moments ofST (ν) is fairly general and doesn't require any population genetic assumptions beyond those required for the validity of the Lander-Green algorithm. Expectations are computed at two levels, each with different assumptions and approximations: (1) expectations conditional on multipoint marker genotypes, calculated using the Lander-Green algorithm, which does make population genetic assumptions such as linkage equilibrium between markers; (2) "unconditional" expectations computed using the sample moments ofr 2 −r 0 , which allows any possible marker genotype distribution (at that level).
Simulation studies
In this section, we present simulation studies comparing the power of the linkage score test to that of the Haseman-Elston test, for various sampling schemes.
Haseman-Elston test
In the classical Haseman-Elston framework and its extensions such as Kruglyak and Lander (1995) , sib phenotypes are analyzed conditional on IBD sharing. The Haseman-Elston test is based on a regression coefficient of squared phenotype differences
N 1i at the marker locus of interest
) are commonly assumed to be i.i.d. as mixtures of bivariate normal random variables (cf. Section 2.2). Here, we consider a more general sampling scheme and allow sib phenotypes to be i.i.d. given some selection criterion S (e.g. both sib phenotypes greater than a threshold which could be the 90th quantile of the marginal phenotype distribution of equation (3)). Conditioning on the selection criterion allows a fair comparison of the Haseman-Elston test to our score test for selected samples. Under the null hypothesis of no linkage between the marker and trait loci, phenotypes are independent of IBD status, hence
It is important to condition on the selection criterion S when computing the variance of ∆, otherwise, using the unconditional variance would yield a test with the wrong size. Also, note that our null hypothesis is θ = . Thus, when the genetic model is known, V ar [∆|S] should be computed with the true parameter values, and not with a = d = 0 in the case of the basic model. In general, however, the genetic model is unknown and we estimate V ar [∆|S] using the sample variance of the squared phenotype differences (using the sample variance takes into account the selection scheme). The resulting statistic is
It may easily be verified that, under the null hypothesis of no linkage, HE is asymptotically distributed as a standard normal random variable, given the sampling criterion S. 
Simulation results
In order to compare the performances of the linkage score test and of the Haseman-Elston test, we simulate phenotype and marker IBD data as follows. We consider the basic model described in Section 2.2 and simulate 1, 000 sets of n = 100 or 250 i.i.d. phenotype pairs from this model, subject to the selection criterion S. Table 3 lists five different selection schemes for sib-pairs based on phenotypes; these include the extreme discordant and concordant schemes considered by Zhang (1995, 1996) . For each simulated phenotype pair (φ 1i , φ 2i ), we simulate IBD data (N 0i , N 1i , N 2i ) according to the conditional IBD probabilities ρ(φ 1i , φ 2i ; θ, ν * ), where ν * denotes the parameters of the underlying true model used to generate the data. For each set of n sib-pairs, we then compute the standardized Haseman-Elston statistic, with estimated standard deviation as in equation (16), and the standardized score statistics SST (ν), for different sets of assumed model parameters ν. Table 4 lists five simple additive models used for the simulations. For the Haseman-Elston test, the null hypothesis is rejected when HE < −z α , whereas for the score test, the null hypothesis is rejected when SST (ν) > z α . Finally, the power of each test is estimated by the proportion of the 1, 000 sets of simulated data in which the null hypothesis is rejected. Simulations confirmed the adequacy of the asymptotic cut-off z α = 1.645 for a size α = 0.05 test (results not shown).
From the simulation results presented in Figures 10, 11 , 12 and 13, we observe the following:
1. In general, the score statistic computed under the true model (ST0) is at least as powerful as the Haseman-Elston statistic, and is much more powerful than the HasemanElston statistic for selected samples (schemes 3 and 4).
2. By considering only phenotype differences, the Haseman-Elston test is unable to exploit the power of extreme concordant pairs (scheme 4).
3. In general, the score test seems fairly robust to the choice of genetic model for computing the weights π 2 − π 0 . The loss in power due to misspecification of the genetic model can be fairly large for unselected samples (scheme 0), however, the score test for selected samples (schemes 3 and 4) is very robust.
4. Our simulation results are consistent with the findings of Zhang (1995, 1996) , who reported that extreme concordant and discordant pairs provide the greatest power to detect linkage.
5. Although the score test is a locally most powerful test in the neighborhood of θ = 1 2 , simulations for alternatives with θ = 0, 0.1 indicate that the score test is also powerful for non-local alternatives.
The simulations suggest that a simple additive model may be generally appropriate for computing the weights π 2 − π 0 . We provide a table of weights for standardized phenotypes under an additive model with p = 0.5, ρ = 0 and H = 0.1 or 0.3 (see Appendix B). Note that in order to use these weights, phenotypes must be standardized using the overall phenotype mean and variance in the population of interest (see Section 2.2), and not the moments of selected phenotypes. The table may then be used as follows. Suppose the ith sib-pair in the sample has standardized phenotypes (−2, 1) and shares DNA IBD on 2 chromosomes at the marker locus. Then, the contribution of this pair to the score statistic ST (ν), for an assumed additive model with H = 0.1, p = 0.5 and ρ = 0 (upper triangle), is 
Discussion
The linkage score test presented in this paper provides a unified approach to the linkage analysis of qualitative and quantitative traits using IBD data from sib-pairs. The score test is easy to implement and readily extends to accommodate incomplete IBD data. Considering the likelihood of IBD data conditional on phenotypes avoids unrealistic random sampling assumptions and allows sib-pairs with various phenotypes and obtained by differing ascertainment mechanisms to be incorporated into a single analysis. Refraining from making restrictive assumptions about the mode of inheritance or population genetic assumptions actually simplified the exposition and resulted in a test statistic with the general form of equation (1). In the case of same phenotype sib-pairs, the score test is based on the wellknown mean IBD statistic, regardless of the genetic model.
Preliminary simulations for QTL show that the score test generally matches or outperforms the Haseman-Elston test, the largest gains in power being for selected samples of sib-pairs with extreme phenotypes. By considering only phenotype differences, the Haseman-Elston test is unable to capitalize on the power of highly concordant pairs, while the score test readily exploits the information contained in these pairs. The score test also seems fairly robust to the choice of model for computing the weights π 2 − π 0 . We provide a table of weights in Appendix B to allow easy calculation of the QTL score statistic under a simple additive model. For selected samples, such as extreme concordant or discordant pairs, the score test is far more powerful than the Haseman-Elston test, regardless of the model. However, for unselected samples, there could be a substantial loss of power for the score test based on the wrong model, and in this respect, the score test is less robust than the Haseman-Elston test.
We have extended this approach to the analysis of IBD data from other relative pairs (e.g. grand-parent/grand-child pairs, cousin pairs) and sibships of arbitrary size (see Dudoit and Speed (accepted) and Dudoit (1999) ). In this general framework, the IBD configurations are defined as orbits of groups acting on the set of inheritance vectors. The form of the score statistic is based on the second largest eigenvalue and corresponding eigenvector(s) of the transition matrix T (θ) between IBD configurations. In particular, the score statistic for a given pedigree type is independent of the genetic model when the second largest eigenvalue has multiplicity one. Remarkably, for affected sibships of any size, the linkage score statistic is the well-known statistic S pairs , which is obtained by forming all possible pairs of sibs and averaging the proportion of chromosomes on which they share DNA IBD at the locus of interest (see Kruglyak et al. (1996) , Whittemore and Halpern (1994) and McPeek (1999) ). Thus in this case, a parametric likelihood-based statistic reduces to a widely used non-parametric statistic.
Focusing on the scale parameter θ yields a test with established optimality properties, as well as some robustness properties with respect to specificity. By contrast, tests in the specificity parameters (see Whittemore (1996) and McPeek (1999) ) are intrinsically dependent on the assumed genetic model. This is a potentially serious shortcoming for complex traits, for which there typically is little or no established knowledge regarding important parameters, such as the number of trait loci, the penetrances, or the frequencies of genotypes in the study population. It is important to note that in genome scans, where marker density is high, one expects to be testing near θ = 0 rather than near θ = 1 2
. If one has some knowledge concerning the mode of inheritance of the trait (e.g. rare recessive disease), then making use of this information in deriving allele-sharing statistics as in McPeek (1999) is desirable. However, the main obstacle in obtaining optimal statistics for an alternative hypothesis where θ = 0 is precisely their dependence on the genetic model, which is usually unknown. Although our score statistic in θ is locally most powerful near θ = , McPeek (1999) found S pairs to be optimal for some classes of genetic models with θ = 0. A recent study of Davis and Weeks (1997) on affected sib-pairs also indicates that S pairs performs well for a variety of two-locus genetic models. The simulation results presented in Section 4.2 demonstrate the power of the QTL score test in θ for non-local alternatives. However, when the alternative hypothesis is such that θ = 0, the optimal statistic depends on the genetic model, and there are inevitably classes of models for which S pairs is outperformed by other statistics. For example, Feingold and Siegmund (1997) reported that for sib-pairs N 2 performed better than S pairs for rare heterogeneous traits. For larger sibships, the performance of S pairs needs to be further investigated.
We believe that score statistics in θ as described in this paper have the potential to be useful in practice for linkage analysis using IBD data from sibships and relative pairs. The robustness properties of these score statistics and their simple form make them particularly suitable for the analysis of complex human traits, for which the mode of inheritance is typically unknown. This general approach to linkage analysis may be extended to the analysis of multivariate phenotypes (see Allison et al. (1998) for an overview of linkage analysis methods based on multivariate phenotypes) and age-of-onset data, where age is treated as a QT. We are aware that the simple genetic models used for the simulations may not be realistic for complex traits. They were nonetheless useful for investigating the relative merits of the linkage score test and the Haseman-Elston test, and for studying the robustness of the score test to misspecifications of the genetic model. We were very encouraged by our preliminary studies with sib-pairs, and are carrying out more extensive studies of the power of the score test. We are further exploring the issue of combining IBD data from different sibship types and relative pairs, by identifying genetic models which, when used in computing the weights π 2 − π 0 , yield a robust score test across a wide range of alternatives. We are also in the process of applying the QTL score test to actual IBD data collected to study the genetic basis of hypertension.
Appendix A
Incomplete IBD data
In the context of Section 3.3, we wish to show that, under the assumption of linkage equilibrium between marker loci and trait loci and the null hypothesis of no linkage between marker loci and trait loci, the inheritance vector y of a sib-pair at the test locus M is conditionally independent of the phenotypes φ = (φ 1 , φ 2 ), given the multipoint marker data M. To do this, let pgm and ym denote the parental genotypes and inheritance vectors at the typed marker loci, and let pg and x denote the parental genotypes and inheritance vectors at the trait loci. Then, , φ, y, ym, pgm, x, pg) ym,pgm x,pg pr 0 (M, φ, ym, pgm, x, pg) , where the subscript 0 denotes a quantity computed under the null hypothesis of no linkage between the locus M and trait loci. The probability pr 0 (M, φ, y, ym, pgm, x, pg) may be expressed as pr 0 (M, φ, y, ym, pgm, x, pg) = pr 0 (M|φ, y, ym, pgm, x, pg)pr 0 (φ|y, ym, pgm, x, pg)pr 0 (y, ym|x, pg, pgm) pr 0 (x|pg, pgm)pr 0 (pgm, pg).
In order to prove the desired property, we require the additional conditional independence assumption that inheritance vectors at particular loci are independent of the genotypes at unlinked loci, given the parental genotypes at the loci of interest. This is a fairly weak assumption about segregation of alleles at unlinked loci, which should nonetheless be stated for completeness. In this particular problem, this assumption ensures that pr 0 (y, ym|x, pg, pgm) = pr(y, y m |pgm) and pr 0 (x|pg, pgm) = pr(x|pg). Thus, , φ, y, ym, pgm, x, pg) = pr(M|ym, pgm)pr(φ|x, pg)pr(y, ym|pgm)pr(x|pg)pr(pgm)pr(pg) , under the null hypothesis of no linkage between marker loci and trait loci and the assumption of linkage equilibrium between marker loci and trait loci. Note that pr(M|ym, pgm) is 1 or 0 according to whether the observed marker data M is or is not consistent with ym and pgm. The denominator is handled similarly. Then,
Hence, the inheritance vector at the test locus M is conditionally independent of the phenotypes (φ 1 , φ 2 ) given the multipoint marker data M. Thus }, for π = (π 0 , π 1 , π 2 ) on boundaries of simplex. , was used to simulate the phenotype pairs (φ 1 , φ 2 ) and to compute the weights π 2 − π 0 . Table 3 . n = 100 sib-pairs, 1, 000 simulations, α = 0.05. True model: recessive with µ = 0, H = 0.1, σ = 1, ρ = 0, θ = 0. ST 0: score statistic computed under the true model; ST 1, . . . , ST 5: score statistics computed under the assumed models described in Table 4 ; HE: Haseman-Elston statistic computed as in equation (16 Table 3 . n = 250 sib-pairs, 1, 000 simulations, α = 0.05. True model: dominant with µ = 0, H = 0.3, σ = 1, ρ = 0.4, θ = 0. ST 0: score statistic computed under the true model; ST 1, . . . , ST 5: score statistics computed under the assumed models described in Table 4 ; HE: Haseman-Elston statistic computed as in equation (16). Table 3 . n = 100 sib-pairs, 1, 000 simulations, α = 0.05. True model: additive with µ = 0, H = 0.1, σ = 1, ρ = 0, θ = 0. ST 0: score statistic computed under the true model; ST 1, . . . , ST 5: score statistics computed under the assumed models described in Table 4 ; HE: Haseman-Elston statistic computed as in equation (16) Table 3) . n = 100 sib-pairs, 1, 000 simulations, α = 0.05. True model: recessive with µ = 0, σ = 1, θ = 0.1, and H and ρ indicated above each plot. ST 0: score statistic computed under the true model. ST 1, ST 2 and ST 3: score statistics computed under assumed models with µ = 0, H = 0.1, p = 0.5, σ = 1, ρ = 0, ST 1: additive, ST 2: dominant, and ST 3: recessive. HE: Haseman-Elston statistic computed as in equation (16).
Appendix B
Orbits of Orbits of Inheritance vectors
S 2 × D 4 S 2 × (C 2 × C 2 ) 0 IBD 0 IBD (1,p 2 q 2 (µ + a, µ + a) (DD, Dd) p 3 q + 1 2 p 2 q 2 (µ + a, µ + d) (DD, dd) 1 4 p 2 q 2 (µ + a, µ − a) (Dd, DD) p 3 q + 1 2 p 2 q 2 (µ + d, µ + a) (Dd, Dd) p 3 q + 3p 2 q 2 + pq 3 (µ + d, µ + d) (Dd, dd) 1 2 p 2 q 2 + pq 3 (µ + d, µ − a) (dd, DD) 1 4 p 2 q 2 (µ − a, µ + a) (dd, Dd) 1 2 p 2 q 2 + pq 3 (µ − a, µ + d) (dd, dd) 1 4 p 2 q 2 + pq 3 + qST i Model parameters ST 1 a = 1, d = 0, σ = 1, ρ = 0, p = 0.1 (H = 15%) ST 2 a = 2, d = 0, σ = 1, ρ = 0, p = 0.1 (H = 42%) ST 3 a = 1, d = 0, σ = 1.5, ρ = 0, p = 0.1 (H = 7%) ST 4 a = 1, d = 0, σ = 1, ρ = 0.4, p = 0.1 (H = 15%) ST 5 a = 1, d = 0, σ = 1, ρ = 0, p = 0.3 (H = 30%)
